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A strong contradiction in the multi-layer Hele-Shaw model.
Gelu Pas¸a
Abstract. The Saffman-Taylor instability occurs when a less viscous fluid is displacing a more
viscous one in a rectangular Hele-Shaw cell. A surface tension on the interface between the two
fluids is improving the stability. The multi-layer Hele - Shaw model, consisting of N intermediate
fluids with constant viscosities, was studied in some previous papers and very low growth constants
were obtained for large N . We prove that this model leads us to a significant instability, even if N
is very large. The maximum value of growth constants can not decrease under a certain value, not
depending on the surface tensions on the interfaces. This contradiction with the Saffman-Taylor
result makes us have some doubts concerning the correctness of multi-layer model.
AMS Subject Classification: 34B09; 34D20; 35C09; 35J20; 76S05.
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1. Introduction
We consider a Stokes flow in a Hele-Shaw cell: the narrow space between two parallel plates,
first studied in [18]. The velocities averages are verifying the Darcy’s law for the flow in a porous
medium with the permeability (b2/12), where b is the distance between the plates - see [3], [20]
Saffman and Taylor [23] proven the well-known result: the interface between two imiscible
fluids is unstable when the displacing fluid is less viscous. Moreover, the growth rate is unbounded
with respect to the wave numbers if the surface tension on the interface is missing. A surface
tension on the interface is limiting the range of unstable disturbances - see the formula (11) in [23].
The fingering phenomenon (which appears for unstable displacements) and the selection problem
in Hele-Shaw displacements are studied in a large number of papers - see [19], [24], [32] and
references therein. In [29] was studied the case when the surface tension is very small. Some
singular effects due to the zero-surface-tension problem are studied in [30].
The optimization of displacements in porous media were studied in [1], [2], [4], [12], [27].
An intermediate fluid with variable viscosity in a middle layer between the displacing fluids can
minimize the Saffman-Taylor instability if surface tensions exist - see experimental and numerical
results in [15], [16], [17], [25], [26], [31]. In [9], [10], [11] are given theoretical results
concerning the linear stability of such three - layer Hele-Shaw flow. Some exact formulas of the
growth constants were given, for variable and constant intermediate viscosities.
The Hele-Shaw displacement with N intermediate layers (the multi-layer Hele - Shaw model)
was studied in [5], [6], [7], [8]. Only upper bounds of the growth rates were obtained. In the case
of intermediate viscosities with positive jumps in the flow direction, in [5] was proved that the
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corresponding growth rates tend to zero when the number of the intermediate layers is very large
and the surface tensions satisfy some conditions.
In this paper we study the multi-layer Hele - Shaw model with constant N intermediate viscosi-
ties. A new upper estimate of the growth rates is obtained, for a bounded range of the wavenumbers
and large N . We show that the maximum value of the growth constants is not depending on the
surface tensions on the interfaces and can not be less than the difference between the viscosities
of the initial displacing fluids. Therefore the stability can not be improved, even if the surface
tensions on the interfaces are very large. This contradiction with the Saffman-Taylor result makes
us have some doubts concerning the correctness of multi-layer model.
An important new element is given by the terms of Dirac type, appearing in the estimates of
the growth rates. These terms are related with the derivatives of the viscosity across the interfaces.
The paper is laid out as follows. In section 2 we describe the three-layer Hele-Shaw model with
variable intermediate viscosity, first studied in [16]. In section 3 we get the formula of the growth
rates corresponding to a fourth-layer Hele-Shaw flow with constant intermediate viscosities. This
result is used in section 4, for a model with N intermediate layers with constant viscosities. We
conclude in section 5.
2. The three-layer Hele-Shaw model with variable intermediate viscosity.
The three-layer Hele-Shaw flow with variable intermediate viscosity was first described in [16],
[17]. The cell is parallel with the xOy plane. An intermediate region between the initial immiscible
fluids is considered, where a given amount of polymer-solute exists. The adsorption, dispersion and
diffusion of the solute in the equivalent porous medium are neglected. The intermediate viscosity
can be considered as a powers series with respect to the concentration C of the polymer-solute -
see [13], [15]. For a dilute solute, the viscosity is a linear expression with respect to C, then
is invertible. We consider µ = 12ν/b2, where ν is the viscosity on the intermediate region. The
continuity equation for the solute gives us the “continuity” equation µt + uµx + vµy = 0, where
(u, v) are the velocities and the indices t, x, y denote the partial derivatives with respect to time
and spatial variables.
During the displacement process, the initial sharp interfaces change over time and the finger
phenomenon appears. We consider small enough time intervals, to avoid large deformations of the
initial interfaces.
Mungan [22] used an intermediate polymer-solute with an exponentially- decreasing viscosity
(from the front interface) and obtained an almost stable flow. The displacements with variable
viscosity in Hele-Shaw cells and porous media are studied in [21], [28]. On the page 3 of [14] is
considered a linear viscosity profile in a porous medium.
In this paper, the displacing and displaced fluids are denoted with the lower indices W , O.
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Suppose the intermediate region is the interval x ∈ (Ut − Q,Ut), moving with the constant
velocity U far upstream. We have three incompressible fluids with viscosities µW (displacing fluid),
µ (intermediate layer) and µO (displaced fluid). In a large number of papers, the flow equations,
quite similar with Darcy’s law for flow in a porous medium, are written in simpler form
px = −µdu; py = −µdv; pz = 0; ux + vy = 0; (1)
µd = µW , x < Ut−Q; µd = µ, x ∈ (Ut−Q,Ut); µd = µO, x > Ut. (2)
The viscosities νW , ν, νO are given by
µW = 12νW /b
2, µ = 12ν/b2, µO = 12νO/b
2, (3)
and the permeability of the equivalent porous medium is b2/12. The velocities appearing in (2) are
the average of the real (effective) fluid velocities - see [3], [18], [20].
The basic velocity and interfaces are u = U, v = 0; x = Ut−Q, x = Ut.
On the interfaces we consider the Laplace’s law: the pressure jump is given by the surface tension
multiplied with the curvature of the interface . The component u of the velocity is continuous and
the interface is a material one.
The basic interfaces are straight lines, then the basic pressure P is continuous (but his gradient
is not) and
Px = −µdU, Py = 0. (4)
We use the “continuity” equation for µ (see the end of the first paragraph of this section), then
the basic (unknown) µ in the middle layer verifies the equation
µt + Uµx = 0. (5)
We introduce the moving reference frame x = x − Ut, τ = t. The equation (5) leads to µτ = 0,
then µ = µ(x). The middle region in the moving reference frame is the segment −Q < x < 0.
However, we still use the notation x, t instead of x, τ .
The perturbations u′, v′, p′, µ′ of the basic velocity, pressure and viscosity are governed by the
system (see [16])
p′x = −µu′ − µ′U, p′y = −µv′, (6)
u′x + v
′
y = 0, (7)
µ′t + u
′µx = 0. (8)
A Fourier decomposition for the perturbation u′ is used:
u′(x, y, t) = f(x)[cos(ky) + sin(ky)]eσt, k ≥ 0, (9)
3
where f(x), σ, k are the amplitude, the growth constant and the wave numbers.
The velocity along the axis Ox is continuous, then the amplitude f(x) is continuous. From (6)
- (9) we get the Fourier decompositions for the perturbations v′, p′, µ′:
v′ = (1/k)fx[− sin(ky) + cos(ky)]eσt,
p′ = (µ/k2)fx[− cos(ky)− sin(ky)]eσt,
µ′ = (−1/σ)µxf [cos(ky) + sin(ky)]eσt. (10)
The cross derivation of the relations (6)1, (6)2 leads us to
µu′y + µ
′
yU = µxv
′ + µv′x. (11)
From (9), (10)1, (11) we get the equation which governs the amplitude f :
− (µfx)x + k2µf = 1
σ
Uk2fµx, ∀x /∈ {−Q, 0}. (12)
Outside the intermediate region we have constant viscosities, then (12) becomes
−fxx + k2f = 0, x /∈ (−Q, 0)
and in the far field we have
f(x) =
{
f(−Q)ek(x+Q), ∀x ≤ −Q;
f(0)e−kx, ∀x ≥ 0.
(13)
Suppose that a viscosity jump exists at a point a. The perturbed interface near a is denoted
by η(a, y, t). In the first approximation we have ηt = u, therefore
η(a, y, t) = (1/σ)f(a)[cos(ky) + sin(ky)]eσt. (14)
The right and left limit values of the pressure in the point a are denoted by p+(a), p−(a). We
use P in the point a, the Taylor first order expansion of P near a and p′(a) given by (10)2. From
(4) it follows P+x (a) = −µ+(a)U and P−x (a) = −µ−(a)U , then we get
p+(a) = P+(a) + P+x (a)η + p
′+(a) =
P+(a)− µ+(a){Uf(a)
σ
+
f+x (a)
k2
}[cos(ky) + sin(ky)]eσt, (15)
p−(a) = P−(a)− µ−(a){Uf(a)
σ
+
f−x (a)
k2
}[cos(ky) + sin(ky)]eσt, (16)
The Laplace’s law is p+(a) − p−(a) = T (a)ηyy, where T (a) is the surface tension and ηyy is the
approximate value of the curvature of the perturbed interface. As P−(a) = P+(a) (see the line
before (4)), from the jump relation equations (15) -(16) we get
− µ+(a)[Uf(a)
σ
+
f+x (a)
k2
] + µ−(a)[
Uf(a)
σ
+
f−x (a)
k2
] = −T (a)
σ
f(a)k2. (17)
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The growth constant for three-layer case is obtained as follows. We multiply with f in the
amplitude equation (12), we integrate on (−Q, 0) and obtain
−
∫ 0
−Q
(µfxf)x +
∫ 0
−Q
µf2x + k
2
∫ 0
−Q
µf2 =
k2U
σ
∫ 0
−Q
µxf
2.
We have not jumps of µ inside the intermediate region, then we get
µ+(−Q)f+x (−Q)f(−Q)− µ−(0)f−x (0)f(0)+∫ 0
−Q
µf2x + k
2
∫ 0
−Q
µf2 =
k2U
σ
∫ 0
−Q
µxf
2. (18)
From the relations (13) we have
f−x (−Q) = kf1 := kf(−Q), f+x (0) = −kf0 := kf(0). (19)
Recall µ−(−Q) = µW , µ+(0) = µO, then from (17), (18), (19) it follows
σ =
S0f
2
0 + S1f
2
1 + k
2U
∫ 0
−Q µxf
2
µOkf
2
0 + µWkf
2
1 + I
,
S0 = k
2U [µ]0 − k4T0, S1 = k2U [µ]1 − k4T1, I =
∫ 0
−Q
[µf2x + k
2µf2], (20)
where T0, T1 are the surface tensions in x = 0, x = −Q and
[µ]0 = (µ
+ − µ−)0 = µO − µ−(0),
[µ]1 = (µ
+ − µ−)1 = µ+(−Q)− µW . (21)
Remark 1. From (17) we can recover the Saffman - Taylor formula
σST =
kU(µO − µW )− T (a)k3
µO + µW
. (22)
Indeed, we have
µ+(a) = µO; µ
−(a) = µW ;
f(x) = f(a)ek(x−a), x ≤ a⇒ f−x (a) = kf(a);
f(x) = f(a)e−k(x−a), x ≥ a⇒ f+x (a) = −kf(a). 
Remark 2. It is possible to inject polymer-solutes with constant concentrations c1, c2, ..., cN
during some the time intervals t1, t2, ..., tN . We obtain a steady flow of N thin layers of immiscible
fluids with constant viscosities νi, i = 1, 2, ..., N . This is the multi-layer model studied in [5],
[7], [8] , [6]. 
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3. The fourth-layer Hele-Shaw model with constant intermediate viscosities.
Consider two intermediate layers (−Q,−Q/2) and (−Q/2, 0) with constant µ:
µ(x) = µW , x < −Q, µ(x) = µO, x > 0,
µ(x) = µ2, x ∈ (−Q,−Q/2), µ(x) = µ1, x ∈ (−Q/2, 0).
The basic interfaces are x0 = 0, x1 = −Q/2, x2 = −Q. This time, the amplitude equation is
− (µfx)x + k2µf = 1
σ
Uk2fµx, ∀x /∈ {−Q,−Q/2, 0}. (23)
Inside the intermediar region, µ is a Heaviside function. The derivative µx on the interface
x = −Q/2 is a Dirac distribution, then∫ 0
−Q
µxf
2 = f2(x1)(µ2 − µ1). (24)
The term (24) is not appearing in [5]. We multiply with f the above relation and integrate on
(−Q, 0), then it follows
−
∫
−Q/2
−Q
(µfxf)x −
∫ 0
−Q/2
(µfxf)x +
∫ 0
−Q
µf2x + k
2
∫ 0
−Q
µf2 =
k2U
σ
f2(x1)(µ2 − µ1).
We use the notations (FG)(x) := F (x)G(x), fi := f(xi) and get
(µ+f+x f)(−Q)− (µ−f−x f)(−Q/2) + (µ+f+x f)(−Q/2)− (µ−f−x f)(0)+
+I1 + I2 =
k2U
σ
f2(x1)(µ2 − µ1),
Ii = µi
∫ xi−1
xi
(f2x + k
2f2)dx, i = 1, 2. (25)
Recall
µ−(x2) = µW , µ
+(x0) = µO, (fx)
−(−Q) = kf2, (fx)+(0) = −kf0.
The jump relations (17) in the points a = x2, x1, x0 are
−(µ+f+x )(x2) + µWkf2 + f2
Uk2
σ
[µW − µ2] = −T2
σ
f2k
4,
−(µ+f+x )(x1) + (µ−f−x )(x1) = f1
Uk2
σ
[µ1 − µ2]− T1
σ
f1k
4,
µ0kf0 + (µ
−f−x )(x0) + f0
Uk2
σ
[µ1 − µO] = −T0
σ
f0k
4. (26)
In (25) - (26) we use the viscosities νW , νO given in (3), then νi = b
2µi/12 and it follows
σ =
S0f
2
0 + S1f
2
1 + S2f
2
2 + k
2Uf21 (ν2 − ν1)
νOkf20 + I1 + I2 + νW kf
2
1
,
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Si = Uk
2[ν]i − k4Tib2/12, i = 0, 1, 2,
[ν]2 = ν2 − νW , [ν]1 = ν1 − ν2, [ν]0 = ν0 − ν1,
I1 = ν1
∫ x0
x1
(f2x + k
2f2), I2 = ν2
∫ x1
x2
(f2x + k
2f2). (27)
The following dimensionless quantities denoted by ′ are introduced :
x′ = x/Q, y′ = y/Q, f ′ = f/U, ǫ = b/Q ≈ 10−3,
u
′
= u/U, v′ = v/U, T ′ = T/(µWU)
ν ′ = ν/µW , k
′ = kQ, σ′ = σ/(U/Q). (28)
In the rest of this paper we will omit the ′. The dimensionless intermediate region is the interval
(−1, 0). The relation (27) gives us the dimensionless growth rate, denoted by σ2 (recall µW = 1):
σ2 =
∑i=2
i=0{k2[ν]i − ǫ2k4Ti/12}f2i + k2f21 [ν]1
kνOf20 + I1 + I2 + k · 1 · f22
I1 = ν1
∫ x0
x1
[f2x + k
2f2]dx, I2 = ν2
∫ x1
x2
[f2x + k
2f2]dx,
x2 = −1, x1 = −1/2, x0 = 0. (29)
The factor ǫ2 in front of the surface tensions Ti is very important for the stability analysis. In [5]
is given a similar formula, but with dimensional quantities, then without the parameter ǫ.
The dimensionless Saffman-Taylor growth rate and its maximal value are obtained from (22)
and (28):
σD =
k(νO − 1)− k3Tǫ2/12
νO + 1
≤ σDM = 4(νO − 1)
3/2
3(νO + 1)ǫ
√
T
. (30)
4. The N-layer Hele-Shaw model with constant intermediate viscosities.
We divide the intermediate region in N small layers with equal length (1/N). The interfaces are
x0 and xi = −i/N, i = 1, ...N . In the layer (xi, xi−1) we consider the constant viscosity ν(x) = νi
such that ν0 = νO, νN+1 = 1 (recall νW = 1) and
νi = νO − i(νO − 1)/(N + 1), (ν+ − ν−)i = (ν0 − 1)/(N + 1). (31)
The amplitude equations are
− (νfx)x + k2νf = 1
σ
Uk2fνx, ∀x /∈ {−j/N}, j = 0, 1, ...N. (32)
The growth constants, denoted by σN , are obtained just like formula (29) in section 3:
σN =
∑i=N
i=0 {k2(ν+ − ν−)i − k4Tiǫ2/12}f2i +
∑i=N−1
i=1 k
2(ν+ − ν−)if2i
kνOf20 +
∑i=N
i=1 Ii + kf
2
N
, (33)
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Ii =
∫ x(i−1)
xi
νi(f
2
x + k
2f2), fi = f(xi).
Our growth constants are real. An instability result is obtained if only one growth constant is
positive. It is much more difficult to prove a stability result: all growth constants must be negative.
In this paper we consider some particular eigenfunctions f and analyse the corresponding growth
rates given by (33). We prove that even if the number of intermediate layers is very large, the
maximum value of the growth constants is not so small (in a bouned range of k) and is not
depending on the surface tensions.
4.1 An upper bund of σN . From (33) we see that σN is negative beyond a finite value of k,
then the “dangereous” wave numbers k are bounded.
Lemma 1. If k ∈ [0, 1] and N = 1/(c − a) is large enough s.t. k2(c− a)2 ≈ 0, then we have
f(x) = ekx ∀x ∈ (a, c)⇒ J(a, c) :=
∫ c
a
(f2x + k
2f2) ≈ (k2/N)[f2(a) + f2(c)]. (34)
Proof. As f(x) = ekx we get f2x + k
2f2 = (fxf)x and
J(a, c) = (fxf)(c)− (fxf)(a) = k[f2(c)− f2(a)]. (35)
We use the trapezoidal rule for F ∈ C2(a, c):∫ c
a
F (x)dx =
c− a
2
[F (a) + F (c)]−R, R = (c− a)
3
12
F ′′(χ), χ ∈ (a, c).
Consider F (x) = f2(x) = e2kx, then F ′′(x) = 4k2e2kx and for bounded k and small enough (c− a)
we get an arbitrary small R. As I = 2k2
∫ c
a f
2, we use (35) and we have to prove
k[f2(c)− f2(a)] ≈ k2(c− a)[f2(a) + f2(c)]. (36)
For this, we neglect k2(c− a)2 and use the first order Taylor expansion of f(x) = ekx:
f(c) ≈ f(a) + kf(a)(c − a), f2(c) ≈ f2(a) + 2kf2(a)(c − a),
f2(c)− f2(a) ≈ 2kf2(a)(c − a), f2(c) + f2(a) ≈ 2f2(a) + 2kf2(a)(c− a). (37)
The approximation (36) is equivalent with
k · 2k(c− a) ≈ k2(c− a)[2 + 2k(c − a)]
which holds because k3(c− a)2 ≤ k2(c− a)2 ≈ 0. 
We use Lemma 1 for computing the integrals Ii, with (a, c) = (xi, xi−1), i = 1, 2, .., N .
We consider k ∈ [0, 1] and N = 104, then k/N ≤ 10−4 and the approximation (36) holds. From
(33) we get
σN ≈ G0f
2
0 +
∑N−1
i=1 Gif
2
i +GNf
2
N
kνW f2N + kνOf
2
0 +
∑i=N
i=1 (k
2/N)νi(f2i−1 + f
2
i )
,
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Gi = 2k
2(ν+ − ν−)i − k4Tiǫ2/12, i = 1, 2, ..., N − 1,
Gj = k
2(ν+ − ν−)j − k4Tjǫ2/12, j = 0, N. (38)
An important new element appearing in this formula is based on the Dirac distributions correspond-
ning to the derivative νx on the interfaces. As a consequence, the “middle” terms Gi, 1 ≤ i ≤ N−1,
are larger, compared with G0, GN .
We recall th well-known inequality
Bi, xi > 0⇒ min{Ai
Bi
} ≤
∑i=M
i=0 Aixi∑i=M
i=0 Bixi
≤ max{Ai
Bi
}. (39)
From (38) and (39) it follows
σN ≤ 2k
2(ν+ − ν−)N−1 − k4Tminǫ2/12
k2(νN + νN−1)/N
.
As a consequence, in the range k ∈ [0, 1], the upper bound of σN is a polynomial of order 2, and
not of order 3 as in [5] and [23]. We have
νN + νN−1 = (2N − 1 + 3νO)/(N + 1),
then from the last estimate we get
σN < 2(νO − 1) N
2N − 1 + 3νO − k
2Tminǫ
2 N(N + 1)
12(2N − 1 + 3νO) , (40)
σM ≤ σNM = 2(νO − 1) N
2N − 1 + 3νO . (41)
The estimate (40) holds for k ∈ [0, 1] and large enough values of N , but his maximum value
(41) is not depending on the surface tension Tmin. Here is a strong contradiction with the Saffman-
Taylor result: it is very natural to have an improvement of stability when the surface tensions
are large enough. From this point of view, the present multi-layer model is wrong. Moreover, the
maximum value (41) can not be arbitrary small for large N .
For k ∈ (0, 1), N = 104, T = 1/ǫ2, the relations (30) and (41) give us
σNM ≈ (νO − 1) = 99; σDM = 4(νO − 1)
3/2
3(νO + 1)
≈ 13.3. (42)
Then the Saffman-Taylor formula gives us a more stable displacement for a large enough surface
tension. From this point of view, the multi-layer Hee-Shaw model with constant intermediate
viscosities is useless. Future research is needed to see the cause of the strong contradiction with
the Saffman-Taylor result.
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5. Conclusions
The interface between two Newtonian immiscible fluids in a rectangular Hele-Shaw cell is un-
stable when the displacing fluid is less viscous. A surface tension on the interface can improve the
stability - see the formula (22) .
An intermediate fluid with a variable viscosity between the displacing fluids can minimize the
Saffman-Taylor instability when the surface tensions are different from zero - see the papers [15],
[16], [17], [25], [26], [31].
A continuous function can be approximated by a step function. For this reason, the multi-
layer Hele-Shaw model, consisting of N intermediate fluids with constant viscosities was studied
in [5], [6], [7], [8]. Upper bounds of the growth rates were obtained in these papers. If all surface
tensions verify some conditions, an arbitrary small (positive) upper bound of the growth rates can
be obtained, if N is large enough.
In this paper we study the multi-layer Hele-Shaw displacements in rectangular cells. The three-
layer case is considered in section 2. We get a formula of the growth rates in the fourth-layer
case with constant intermediate viscosity - see section 3. We use this result for N intermediate
constant-viscosity layers and get a new upper bound for the growth constants in section 4, by using
the dimensionless quantities (28). We prove that even if the number of intermediate layers is very
large, the maximum value of the growth constants is not so small - see (40).
The most important result of our paper is the upper bound (41) of the growth constant (which
holds only for bounded k and large N). This result is based on three new elements: the terms due
to the Dirac distributions µx on interfaces, the dimensionless quantities and the new estimate of
the growth rates given in section 4.
The maximum value of (41) is not depending on the surface tensions and can not be arbitrary
small for a large enough number of intermediate layers. Then we have a significant instability, even
if the surface tensions on the interfaces are very large. This contradiction with the Saffman-Taylor
formula raises questions about the validity of the multi-layer model.
References
[1] T. T. Al-Housseiny, P. A. Tsai, H. A. Stone, Control of interfacial instabilities using
flow geometry, Nature Physics Letters, 8 (2012), 747750.
[2] T. T. Al-Housseiny and H. A. Stone, Controlling viscous fingering in Hele-Shaw cells,
Physics of Fluids, 25 (2013), pp. 092102.
[3] J. Bear, Dynamics of Fluids in Porous Media, Elsevier, New York, 1972.
10
[4] C.-Yao Chen, C.-W. Huang, L.-C. Wang, and Jos A. Miranda, Controlling radial
fingering patterns in miscible confined flows, Phys. Rev. E, 82 (2010), pp. 056308.
[5] P. Daripa, Hydrodynamic stability of multi-layer Hele-Shaw flows, J. Stat. Mech., Art. No.
P12005 (2008).
[6] P. Daripa, Some Useful Upper Bounds for the Selection of Optimal Profiles, Physica A:
Statistical Mechanics and its Applications 391 (2012). 4065-4069.
[7] P. Daripa and X. Ding, Universal stability properties for Multi-layer Hele-Shaw flows and
Applications to Instability Control, SIAM J. Appl. Math., 72 (2012), 1667-1685.
[8] P. Daripa and X. Ding, A Numerical Study of Instability Control for the Design of an
Optimal Policy of Enhanced Oil Recovery by Tertiary Displacement Processes, Tran. Porous
Media 93(2012), 675-703.
[9] P. Daripa and G. Pasa, On the growth rate of three-layer Hele-Shaw flows - variable and
constant viscosity cases, Int. J. Engng. Sci., 43 (2004), 877-884.
[10] P. Daripa and G. Pasa, New bounds for stabilizing Hele-Shaw flows, Appl. Math. Lett.,
18 (2005), 12930-1303.
[11] P. Daripa and G. Pasa, A simple derivation of an upper bound in the presence of viscosity
gradient in three-layer Hele-Shaw flows, J. Stat. Mech., P 01014 (2006).
[12] E.O. Diaz, A. Alvaez-Lacalle, M.S. Carvalho, Jose A. Miranda, Minimization of
viscous fluid fingering: a variational scheme for optimal flow rates, Physical Review Letters,
PRL 109 (2012), pp. 144502.
[13] P.J. Flory, Principles of Polymer Chemistry, Ithaca, New York, Cornell University Press,
1953.
[14] U. S. Geological Survey, Applications of SWEAT to select Variable-Density and Viscosity
Problems, U. S Department of the Interior, Specific Investigations Report 5028 (2009).
[15] E. Gilje, Simulations of viscous instabilities in miscible and immiscible displacement, Master
Thesis in Petroleum Technology, University of Bergen, 2008.
[16] S.B. Gorell and G.M. Homsy, A theory of the optimal policy of oil recovery by secondary
displacement process, SIAM J. Appl. Math. 43 (1983), 79-98.
[17] S.B. Gorell and G. M. Homsy, A theory for the most stable variable viscosity profile in
graded mobility displacement process, AIChE Journal, 31 (1985), 1598-1503.
11
[18] H. S. Hele-Shaw, Investigations of the nature of surface resistence of water and of streamline
motion under certain experimental conditions, Inst. Naval Architects Transactions 40(1898),
21-46.
[19] G.M. Homsy, Viscous fingering in porous media, Ann. Rev. Fluid Mech., 19 (1987), 271-311.
[20] H. Lamb, Hydrodynamics, Dower Publications, New York, 1933.
[21] D. Loggia, N. Rakotomalala, D. Salin and Y. C. Yortsos, The effect of mobility
gradients on viscous instabilities in miscible flows in porous media, Physics of Fluids, 11
(1999), 740-742.
[22] N. Mungan, Improved waterflooding through mobility control, Canad J. Chem. Engr., 49
(1971), 32-37.
[23] P.G. Saffman and G.I. Taylor, The penetration of a fluid in a porous medium or Helle-
Shaw cell containing a more viscous fluid, Proc. Roy. Soc. A, 245 (1958), 312-329.
[24] P.G. Saffman, Viscous fingering in Hele-Shaw cells, J. Fl. Mech., 173 (1986), 73-94.
[25] G. Shah and R. Schecter, eds., Improved Oil Recovery by Surfactants and Polymer Flood-
ing, Academic Press, New York, 1977.
[26] R.L. Slobod and S.J. Lestz, Use of a graded viscosity zone to reduce fingering in miscible
phase displacements, Producers Monthly, 24 (1960), 12-19.
[27] B. Sudaryanto and Y. C. Yortsos, Optimization of Displacements in Porous Media Using
Rate Control, Society of Petroleum Engineers, Annual Technical Conference and Exhibition,
30 September-3 October, New Orleans, Louisiana (2001).
[28] L. Talon , N. Goyal and E. Meiburg, Variable density and viscosity, miscible displace-
ments in horizontal Hele-Shaw cells. Part 1. Linear stability analysis, J. Fluid Mech, 721
(2013), 268-294.
[29] S. Tanveer, Evolution of Hele-Shaw interface for small surface tension, Philosophical Trans.
Roy. Soc. A, Published 15 May 1993.DOI: 10.1098/rsta.1993.0049.
[30] S. Tanveer, Surprises in viscous fingering, J. Fluid Mech., 409(2000), 273-368:
[31] A.C. Uzoigwe, F.C. Scanlon, R.L. Jewett, Improvement in polymer flooding: The
programmed slug and the polymer-conserving agent, J. Petrol. Tech., 26 (1974), 33-41.
[32] Jian-Jun Xu, Interfacial Wave Theory of Pattern Formation in Solidification, Springer Series
in Synergetics, Sproner, 2017.
12
